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J. PHYS. A (PROC. PHYS. socC.), 1968, sER. 2, vOL. 1. PRINTED IN GREAT BRITAIN

An improved theory of gravitation: II

P. RASTALL
Department of Physics, University of British Columbia, Vancouver, Canada
MS. recetved 11th Mavch 1968

Abstract. The theory of gravitation of a previous paper is presented in a deductive
and more rigorous form. The assumptions made about the space~time metric, the
scalar gravitational potential and the special (Newtonian) charts are summarized.
An action principle is stated, and the conservation laws of energy-momentum and
angular momentum are derived. Lagrangian densities for the gravitational field
are found by assuming that weak gravitational waves propagate at the speed of light.
The assumption that gravitational energy is not itself a source of the gravitational
field leads, as in a previous paper, to a theory that is at present observationally
indistinguishable from Einstein’s; the opposite assumption leads to a distinguishable
theory. The interactions of the gravitational field with the electromagnetic field and
with an ideal fluid are discussed. The simplicity of the theory (space-time formally
flat and one scalar potential to describe the gravitational field) is emphasized.

1. Introduction

In a previous paper (Rastall 1968, to be referred to as I), we tried to build a theory of
gravitation on assumptions that differ as little as possible from those of special relativity
and the Newtonian theory. What we now attempt is a more rigorous deductive account.
The approach will be field theoretical, which will avoid the difficulties encountered in I
in dealing with particles. We begin by summarizing the more important results of I,
separating the wheat from the goats.

We assumed in I that space-time is Riemannian with a metric g, and we postulated
the existence of Newtonian charts, in which the spatial diagonal components of the metric
are equal, the non-diagonal components are zero, and all components are determined by a
single real function @, the gravitational potential. It was shown that the Newtonian charts
almost always determine a time direction at each point: more precisely, if (U, y) and
(U, X) are Newtonian charts, and if Xy(p) and X (p) are the tangent vectors to their
time-like coordinate curves at the point p € U, then Xy(p) = k,Xo(p) for some constant
k,. Assuming that the gravitational potential is arbitrary to the extent of an additive constant
(i.e. only differences of potential are measurable), we proved that the components of the
metric are exponential functions of the potential. We proved also that, given any neigh-
bourhood U of a point p and an orthonormal tetrad w,(p) at p, there is almost always at
most one Newtonian chart (U, y) whose coordinate curves have the w,(p) as tangent vectors
at p. (These results are invalid in a few cases where the potential is a very simple function.)

At any point p in the domain of a chart, the tangent vectors of the coordinate curves
form a basis of the tangent space at p. We showed (see I, equation (10)) that special
Newtonian charts always exist whose tangent vectors are orthonormal with respect to the
metric g at any point where the potential has the value ®,. Such charts are called @,
charts, and from now on our Newtonian charts will always be @, charts (although @, will
not always be the same).

It simplifies calculations to introduce a new metric », with respect to which the tangent
vectors of a chart are orthonormal at every point. Introducing » is equivalent to making a
®-dependent change in the units of length and time. The units corresponding to 7 are
called Newtonian (or ®,) units, while those corresponding to g are called natural units.
A length measured in @, units is called a ®, length, etc.

Particle dynamics was discussed in I. The paths of test particles are assumed to be
geodesics of the metric g. A ®-dependent change in the unit of mass, similar to the previous
changes in the units of length and time, makes the equation of motion of a particle formally
identical with the special-relativistic equation. The new unit of mass is again called a
Newtonian or @, unit, and in the obvious way one defines @, units of all quantities whose
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dimensions involve only mass, length and time. We usually distinguish natural quantities
by a suffix E: an exception is the gravitational potential ®, which is always measured in
natural units.

The components of the metric g in a @, chart, as given in I, equation (10), depend on
two constants. One of these is determined by requiring that a slowly moving test particle
in a weak gravitational field should behave as in Newtonian theory; the other from the
assumption that the potential at a distance » from a fixed body tends asymptotically to
@, —I/r as r - oo, where @, and [ are constants, and / (the @, gravitational radius of the
body) is proportional to the body’s @, energy.

All the results listed so far seem suitable for incorporation in a more formal theory of
gravitation. It is when one considers the gravitational effect of a particle on itself that
troubles arise (by particle we mean of course a point particle). The potential at the position
of a particle may well be undefined, just as in Newtonian theory. We therefore assumed in I
that the potential due to a particle has no direct effect on the particle itself, although it
does have an indirect effect because it changes the gravitational radii of neighbouring
particles. It is also possible that the energy of a particle’s gravitational field may itself act
as a source of potential, and thus influence the particle. The situation here is obviously
complex and unclear (see also I, §9). The difficulties seem to be quite fundamental, and
their resolution would require a precise definition of what one means by a particle. We know
that this is a delicate matter, even in classical electrodynamics (Rohrlich 1965). It is possible
that particles are essentially quantal phenomena that have no place in a classical theory
(Dirac 1951). In this paper we shall not talk about particles (other than test particles—and
in § 6 we shall see how to eliminate even these). Instead we shall develop a pure field theory.

2. ®, charts

We assume, as in I, that space-time is a C, 4-dimensional, pseudo-Riemannian mani-
fold of signature 2 (Hicks 1965, Helgason 1962). Given any point p, of space-time, we
assume that there exists an open set U, real constants @, and ¢y, and a chart (U, x) that
belongs to the C* differentiable structure, such that p, € U, and such that the components
of the metric g in (U, y) are given by

2060
8,0 eXp [2{(1)(’; - (Do}]

cf

gmn(x) = 8mn exp[
(2.1)
guO(x) = -

for all p € U, where x = (£°, &%, ¥%, ¥®) = x(p) and @:x(U) - R? is smooth (that is C*).
The constant cy is the natural speed of light, © is the gravitational potential and (U, y) is
a @, chart (on U). We have shown (I, appendix) that in general the @, chart on U is
determined up to a shift of origin and an orthogonal transformation of the spatial coordinates.
That is, if (U, x) and (U, x') are @ charts and y(p) = «, ¥'(p) = &', then x'* = b, ,x™+a"*
for all p € U, where the a* and by, are constants, and b,,,0, = 8,,,. Thus one has always
the same freedom in choosing a @, chart as in choosing a Galilean chart in classical
mechanics. Usually one has no more freedom than this: the most important exception
is when @ = @, (the @, charts become inertial charts and we are free to make Lorentz
transformations),

It follows from (2.1) that if a @, chart on U exists, then a @, chart on U exijsts, for
any constant ®;. Since no physically significant statement can depend on an arbitrary
choice of chart, we must take care that the predictions of the theory do not depend on the
choice of a particular @, or, once we have chosen @, on a particular choice of @, chart.

If p is a space-time point, there exists a @, chart (U, y) such that p € U. Let X,(p)
be the tangent vectors of this chart at p. Then a metric tensor n(p) is defined at p by
requiring that n(p)(X,(p), X,(p)) = 7.y, Where np, = Sy Muo = Moy = — 0. It is easy
to see that in general 77(;)) is uniquely defined, for fixed @, independently of the choice of
@, chart. Since the @, charts cover space—time, one can define a metric tensor field 5
globally (i.e. on the whole of space-time). We note that  depends on @
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The @, charts are related to @, lengths and times in the same way that inertial charts
are related to natural lengths and times in special relativity. For example, if two points
have @, coordinates x and &', and if x° = &%, then the @, length of the line segment
joining them is |x—x'| = {(«'*—x¥)(x'*—&*)}*/2. Again, if ¢ = x%/cg is the @, time
coordinate, and x* is a @, coordinate of a particle at ¢, then ¥ = d«*/d# is the & component
of the @, velocity of the particle at 2.

Physical quantities measured in natural units are assumed to be independent of the
choice of @, chart. Of course, it is often convenient to define such quantities in terms of a
@, chart, but we must then make sure that the definition is invariant under change of chart.
A quantity Q that is measured in @, units will in general depend on the choice of @,.
If the dimensions of Q involve only mass, length and time—say [Q] = [L*T#M°], «, B3, §
real—and if Q' is the same quantity measured in ®,’ units, then

(=B ~38) (Do~ (Do')}.

G

Q' = QeXp{ (2.2)

It follows from (2.2) and the dimensional homogeneity of physical equations that any
physical equation which is valid for @, quantities remains valid when each ®, quantity
is replaced by the corresponding ®; quantity.

The natural units at the point p where the potential is @, are the same as the @ units
if ®, = ®,. Thus if Q is a ®, quantity that depends on ® only through the value ®,, and
Og 1s the corresponding natural quantity, then Q = Oy when ®, = ®,. It follows from
(2.2) that for other values of ®,

Op = Qexp

(28— 33)(® <I>p>} 23
g

(cf. I, equation (35)). If O depends only on the values of ® and its derivatives at p, one

may regard (2.3) as a definition of Q.

We assume, as in I, that the potential @ is observationally indistinguishable from the
potential ®+k, where k is any constant. This means that the value of any measurable
physical quantity Oy (measured in natural units) must be independent of the choice of k.
As an example of a measurable quantity we may take Oy = @, — @, the potential difference
between the points p and ¢; but we cannot take Qg = @,

Equations that hold in a potential @ often hold in a potential ® + k. T'o make this precise,
let Qg be a measurable natural quantity in the potential @ and let Qg be the corresponding
natural quantity in the potential @+ k. Let us define O to be the @, quantity corresponding
to Og and O to be the ®,+k quantity corresponding to Og. Now if we suppose that O
and Qp satisfy (2.3) and that O and Qg satisfy the same equation, then since Qg = Qg
by the assumption of the last paragraph, we have O = (. Thus any equation valid in the
potential @ for @, quantities that satisfy (2.3) is valid in the potential ®+% for the
corresponding ®,+% quantities. From (2.2), the equation is also valid for @, quantities
in the potential ® +%.

The fact that Qy is the same in the potential ® as in the potential @ + & does not mean
that it is independent of @. It can be any function of the derivatives of ® and of the
potential differences ®,— @, for any points p and ¢. However, if we assume that Oy
depends on the potential only through its value @, at the point p, or if we assume that
the potential is constant in a certain region and Qg depends only on the value of @ in that
region, then it does follow that Qp is independent of ©.

An example of a quantity Oy that may depend on @ is the density of a fluid at the space-
time point p. If the fluid at p was at rest at the point g, then the density at p will usually
be a function of ®,— ®,. Another example, which will be important later, is the natural
Lagrangian density # .y of the gravitational field, This is defined in terms of a @, chart,
and is a function of the first derivatives of ®. It may also depend on @ — @, where @,
is some special value of @ (perhaps the value at ‘spatial infinity’, or an average value of ®
over all space).
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For simplicity, we shall usually assume the existence of a @, chart (U, x) for which U
is the whole of space-time and y(U) = R% (One can formulate the theory without this
assumption.) We use the convention that all quantities except @ are measured in @, units
unless indicated otherwise (e.g. by a suffix E).

3. The action

The easiest way to develop a consistent field theory is to use an action principle. This
is especially true for the systems that we shall deal with, whose action can be expressed
in terms of a local Lagrangian density. In this section we summarize the essential results
for such systems, emphasizing only the points that differ from conventional, special-
relativistic field theory.

Let (U, x) be a chartf, not necessarily Newtonian, whose coordinates are x*, and in
which the metric has components g,,. The components of the fields with respect to (U, x)
are gy (M = 1,2, ..., N), the partial derivative of g;, with respect to its u argument is
Gy and we write ¢ = (qy, s, -+, @v)y Dg = (¢1.0» 91,15 -+ Gy,3). It is assumed that the
action A(#) of the system on an arbitrary region #Z < U can be written

AG) = | ia(w), D)~ detg(w) do 6.1

2R

where dx = dx® dx' da? d«®, det g is the determinant of the matrix whose elements are
g,y and Fy is a function independent of #Z. (We are excluding any explicit dependence
of Zg on x.) Similarly, if (U, ') is another chart such that #Z < U’, then there exists a
function #’ such that

AZ) = f 5" Zx(g'(x'), Dg'(x"){ — detg'(x")}? da’ (3.2)

X(RB)

where the x'* are the coordinates of (U, x'), ¢’ =(g1, 2’ - qv')s D¢’ = (41,0, 9115 -» qw.3)s
etc. Since Z is arbitrary and the Jacobian of the transformation & — x’ is

ox'H 1/2
()~ (22
ox'” detg’
equations (3.1) and (3.2) imply that
Za(g'(x'), Dg' (")) = L(q(x), Dg(#))- (3.3)

Equation (3.3) holds for all charts. Now assume that (U, y) is a @, chart and (U, x)
is a ®j chart, for some ®,, ®;. In general,

Oy— O
x'0 = af exp( ° 2——2)+a° ]
¢
| (3.4)
bl 252
x'F = byxmexp| — ) +a
155

on U N U, where the 4%, b,,, are constants and b,,6,, = S, (cf. §2). It follows that

0 O —Dy\ 0
o= (T )
and
8 O —Dy\ o
P bkmexp(— o )m

+ We restrict ourselves to charts that belong to the C= differentiable structure, We also assume
the existence of all necessary derivatives, the convergence of all integrals, etc.
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If therefore we define

o5 0 O 8
—_— =8 ——— —_— —
ox® ox° ox™ ox™
—— = , =g
ox'° ox'° ox'™ ox'™
where s = exp{(®— D@,)/c} and 5" = exp{(D — D¢)/c2}, we have
b Og o oy
ex0 ' axm T o'

the operation Jg/dx* is independent of ®@,. It is convenient to write

O5q1 Oxdy Ixqn
DEq = —0_’ —1) X} 3
ox° ox ox
B ex'® 't T ax'B

and to define Zy, for Newtonian charts, by

Zx(q(x), Dzg(x)) = L(g(x), Dy(x)).
Equation (3.3) then becomes

Li(q'(x), Dyg'(v)) = Lx(q(x), Deq(x)).

We assume that Ly = L. In other words, we assume that the function £y is unique—
the same for all Newtonian charts.

Zg has the dimensions of energy density, [$g] = [ML*T~2]. It is therefore con-
sistent with (2.3) to define £ by

(g, Dug) = s~2Zx(g, Dxgq) (3.5)

where s = exp{(®— D,)/c2}. (We are, of course, including ® among the fields ¢: we may
take @ = ¢;, for example.) Similarly, we define #(q, Dg) = s72%x(q, Dg). Since

detg = —s7¢, from (2.1), equation (3.1) can be rewritten as
A@ = [ D), Dug)dx = [ ), ety dx  (36)
P

for any Newtonian chart (U, y). We take note that one can regard dx/cy = dz dx? dx? dx®
as a space—time volume element measured in @, units. All quantities on the right-hand
side of (3.6) are then measured in @, units—which is consistent because A(Z#), with
dimensions [ML2T 1], has the same value in @, as in natural units.

To formulate an action principle, we consider a family of transformations that depend
smoothly on a real parameter e:

WA

x* = F(x, g(x), Dg(x); €) } (3.7)

Gu(x*) = Hy(, g(), Dg(x); €)
where a¥ = (x%0, &%, x*2 4*8), F = (FO, F1, F2, F®) and M = 1, 2, ..., N. We define x*
and x** to be coordinates in the same @, chart (U, x) (that is, the first of equations (3.7)
represents a mapping p —> p*, where p and p* are space-time points such that y(p) = «,
x(p*) = «*). We assume that (3.7) holds for each ¢ in some interval that contains zero,
and that
x* = x+ef(x, g(x), Dg(x)) + O(e?) }

(3.8)
g*(@*) = g(x)+eh(x, g(x), Dg(x)) + O(¢?)



506 P. Rastall

ase — 0, where

F=U0r575%, ¢ =0hahnaw), k= (e ).

The variation of the functional A(%) corresponding to the transformations (3.8) is

(Gelfand and Fomin 1963, § 37.4)
o
@) =it | (3 | (a), De)

(@ \M=1 L0y

), Dot s, o), Do)

ox* o

9y
0
+2 {$<q<x>, Dy(x)) F4(x» 4(x), Dg())

# 3 S (go), Dala)ists, ), Do) (3.9

where fy = by —qy,f* (One can also write SA(%) in terms of #, where
Z(q, Dgq) = Z(gq, Dg), but this is less convenient.) We assume as our principle of stationary
action that SA(Z) vanishes for any region # and for any admissiblet functions f# and
Ay, that vanish on the boundary of Z.

If f* and Ay vanish on the boundary of Z, the second pair of terms in (3.9) con-
tributes nothing to SA(%’) and one derives the field equations

N

n

e (L
=l Do) 5 [

Suppose that Z — 92* under (3.8), and write

(9(x), Dg())| = 0. (3.10)

A*(F*) = f cgt L (g*(x*), Dg*(a*)) du*. (3.11)
P )

The action A(Z) is said to be invariant under the family of transformations (3.8) if

A¥AE*)— A(Z) = O(e?) as € - 0. From Noether’s theorem (Gelfand and Fomin 1963,

§ 37.5), if the action A(%) is invariant under the family of transformations (3.8) for an

arbitrary region Z, then on each extremal surface of A (i.e. for each g such that (3.10) is

satisfied), one has

3814 { (g(x), Dg(x)) f*(x, g(x), Dg(x))

Z_ (g(x), Dg(x)) s, g(x), Dg(x))} = 0. (3.12)

The proof is simple: we substitute (3.10) in (3.9) and set 8A(Z%) = 0, and use the arbitrari-
ness of Z,
For any real constant &, define I(k) by

n

Mﬂ

- {x(q(xx Dy(e)) f*(x, 9(+), Da(w))

), Da()) (e, g(x), Dg(x))} d8x (3.13)

where d3x = da* da? d«®, and where the integral is over the whole hypersurface x° = &.
(We are assuming that U is the whole of space-time.) If one integrates the left-hand side

+ For the definition of the class of admissible functions, see Gelfand and Fomin (1963).
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of (3.12) over the region between the hyperplanes #° = 4 and x° = b and then applies
the divergence theorem, one finds that I(a) = I(b), showing that I is a conserved quantity.
As a special case of (3.8), take

o = x*+ 5, g (x*) = g(x). (3.14)

Since g%y, ,(¥*) = gy (%), one has f(q*(x ), Dg¥(x¥)) = Z(q(x), Dg(x)). Let us define a
new chart (U, ¥) with coordinates x’ by the equation x** = x'*+ef,,, where x* = x(p*),
x' = x'(p*). Itfollowsfrom (3 14) thatx = x, and that y'(#*) = x(#). Since the Jacobian
of the transformation ¥* — x’ is 1, equation (3.11) implies that

AM(T¥) = f (@)cglg(q(x’),Dq(x’))dx' = A(%) (3.15)

and A(Z) is invariant under (3.14) for arbitrary #Z. The conditions of Noether’s theorem
are therefore satisfied by (3.14).
The transformations (3.14) correspond to

fu = Suvs = O’ EM = hM) '_QM.ufu = —qumy-
Substituting in (3.12), one finds

Noo&
20 D= 3 o (ale) Da o) 0. G16)

From (3.13), the functions P,, and & defined by

NoeZ
Pal) = i [ |3 (g, Dglgen(e) &
=k M=1 M,0 (3.17)

60 = [ {26 Deep+ 3 o), Datoaolo)]

are conserved quantities. The P, have the dimensions of momenta and transform like
@, momentum under change of @, " while & has the dimensions of energy and transforms like
a @, energy (from (3.5) and (2.3)). We define the vector P, whose components in (U, y)
are P, to be the total ®, momentum of the system and & to be the tozal @, energy.

The (mixed) ©, energy-momentum T is defined to be the (1,1) tensor fieldf whose
components in the @, chart (U, y) are given by

Noo&
T(x) = —Z(q(x), Dg())8+ 2, o (@), Dg(x))gas o(%)- (3.18)
M=19%Mu
In terms of the T, one can write (3.16) and (3.17) as
T, =0 (3.19)
P, = cgt f Tod3x, & = f Ty d3x. (3.20)
=k =k

Just as in special relativity, the energy—momentum is not uniquely determined by (3.19)
and (3.20). Given any functions i, such that,,, = —i,,, for all y, v, », one can define
a new energy—momentum T by T4 = T¢+dy,y, . Since dyyn 0 = 0 and o,0 = 0, we
have 7%, = 0 and T 9= T0+¥oym.m- Prov1ded that the functions i,,, vanish fast enough

at spatlal infinity, it follows from the divergence theorem that P, = g7 d%,
& = [T§ d3«.

t An (m, n) tensor is one with contravariant order m and covariant order =.
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To find other families of transformations (3.8) under which A(%) is invariant for arbitrary
Z, one needs a more elaborate argument. Let (U, y) and (U’, x’) be @, charts such that
Z < Uand x(Z) < x'(U’). Define a mapping u:# — £* by requiring that, for all p € Z,
w(p) = p*, where x(p) = x'(p*). Ifone writesw = x(p), & = x'(p), &* = x(p*), &*' = x'(p*),
then x¥ = x*': the (U, x) coordinates of p are the (U’, x’) coordinates of p*. Before the
variation, the field components at p in the chart (U, y) are ¢, (x) and those in the chart
(U', x) are gy(x"). After the variation, the field components at p* in (U, x) are Gra(x),
and those in (U’, x') are ¢,/ (x*'). We define the variation of the g, by requiring that

g (%) = qu(x). (3.21)

(The varied field components at p* in (U’, ') are the same as the unvaried ones at p in
(U, x).) However, for fixed ®,, .# is the same for all ®, charts, and in terms of the @,
chart (U’ ¥') we find that

AXTF) = f g L(g* (¢*"), Deg*'(¢*') du™’. (3.22)
PLE D)
Since ¥*' = w, equation (3.21) can be written as ¢;; = g, or as ¢*' = ¢ and it follows
that ¢*}, = qu,, and Dpg* = Dgg. Substituting these results in (3.22), using
X' (%*) = x(,%’), and changmg the integration variable to w, one finds that the action is
1ndeed invariant:

ava) - | @A), Daa(s) dv = AED). (3.23)
(&)

In order to apply these results to the construction of conserved quantities, we consider
a family of @, charts (U’, y'), each labelled by a real parameter e. (To be more precise,
we should write the family as {(U,, x.)}, where (U,, y,) is a @, chart for each ¢ in some
neighbourhood of zero.) The coordinates x” of (U’, y') are related to the coordinates x of a

fixed @, chart (U, x) by ¥ = wef(a) + O() (3.24)
ase —> 0, where f is independent of . Using the previous notation, we have
x* = x* -+ ef (5*) 4+ O(e?)
and since x*’ = x, we have x = x*+¢f(x*)+ O(e?), and hence
x* = x—ef(x)+ O(e?) (3.25)

as ¢ > 0. (Note that (3.25) reduces to (3.14) if one puts f* = —3,, and neglects the
terms in €2.) The action A(#) is invariant under (3.25), and the conditions of Noether’s
theorem are satisfied, provided that Z<U and x(%) < x'(U’) for each chart (U’, x’). One
can therefore construct conserved quantities as in (3.13).

As a special case, we discuss the conservation of angular momentum. It follows from
§ 2 thatif (U, x) is a @, chart with coordinates x, and if & is defined by 4'® = &9, x'% = by 4™,
where b, is any constant orthogonal 3 x 3 matrix, then the chart (U, x') with coordinates
%" is a @, chart. Since the matrix (8, —€€inn), Where 7 is fixed and €, ,, is the permutation
symbol, is orthogonal to first order in ¢, a special family of transformations (3.24) is

x'0 = a0, X' = (B —€€rnm)¥™. (3.26)
The corresponding family of mappings (3.25) is
x*0 = a0, ¥ = xF +eegn ™ -+ O(e?) (3.27)
as € - 0 (rotation through e about the 4™ axis). One can therefore put f* = J,,€nmx™,
har = AP — qur k€xnm¥™ in Noether’s theorem, and equation (3.12) becomes
e . A -
el 3 (q(0), Da@)P(r, o), Dgs)| =0 (3.28)
ox* Me1 9y,
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where we have used the definition (3.18) of the energy-momentum. The {? are defined
by (3.8), and from (3.21), (3.25), (3.24) one finds

hiP(v, 4(x), Dg(®) = gole) = g (+*) + O() = qu(¥)— ge() + O().  (3.29)

Thus the £{P may be calculated as soon as one knows how the field components ¢,; behave
under the coordinate transformation (3.24). In the special case when ¢y, is an invariant,
one has 2{p = 0.

If we again assume that U and U’ are the whole of space-time, it follows from (3.28)
and (3.13) that the vector J, whose components in the chart (U, y) at the instant ¢ = k/cg are

¥ o
1) = =&t [ fernT80 4 3 2o, Da)PC, o), Dato)] s

(3.30)

is a quantity with the dimensions of angular momentum that transforms as a @, angular
momentum under change of ®,. We call J the total ®, angular momentum of the system.

As mentioned in the paragraph following (3.20), if one defines 7% = T%+4yy,, . where
huyn = —imy then T satisfies equations (3.19) and (3.20). It is well known (see Landau
and Lifshitz 1962, § 32, or Rzewuski 1958) that one can choose the functions ¢, so that
(3.30) and (3.28) can be written

Jp = —cg* fenmeg(x)xm d% and @ (eppmTp(x)x™) = 0.

Using T, = 0, we then find that T¢ = TE.

The conservation laws and symmetries that we have discussed are generalizations of
special-relativistic results. However, the other conservation laws and symmetries of special
relativity that are associated with invariance under the full Poincaré group are not usually
valid in the present theory.

4. The gravitational field

As a first application of the general theory, we discuss the gravitational field. We
consider a system of fields whose @, Lagrangian density .# can be written as a sum
F = Lo+ &Ly, where £ depends only on the gravitational potential @ and its first
partial derivatives ® ,, and £y contains no term that depends only on @ or its partial
derivatives. (This rather vague characterization of 'y is sufficient for the present, general
discussion; we shall be more precise later, when we discuss particular systems of fields.)
We write Zo(®, D®) instead of Z(g, Dg), and we call £, the ®, Lagrangian density
of the gravitational field. From (3.5), the natural Lagrangian density of the system of fields
is #y = $2%. Since Ly is independent of the choice of Newtonian chart, it follows that
the natural Lagrangian densities Lo = 2% and Ly = s2.Ly are also independent of
this choice.

To determine gy, one must make further assumptions. We recall that, in special
relativity, if V% ¥ , is the Lagrangian density of a scalar field V', then ¥ satisfies the wave
equation. If, therefore, we suppose that the gravitational potential @ satisfies the wave
equation in the limiting case when the gravitational field is everywhere weak and no other
fields are present, then it may be reasonable to assume that gy, is a function of g»'® @ ,,.
To be more precise, the components g# of the contravariant metric tensor are determined
in a @, chart (U, y) by (2.1) and the equations g*7g,, = §,,:

gt = $?8 s g =g%= _'s_zsuO' (41)

We define a function w by
w =g"0,0, (4.2)

where ® , is the partial derivative with respect to the coordinate &* of (U, ), and we assume
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that Zog = f(w, ®—@;), where f is a smooth function and @, is a constant independent
of the choice of Newtonian chart. Since w is independent of the choice of Newtonian
chart, so too is Fug.

In this section we are concerned mainly with the gravitational field. Later we shall
discuss various non-gravitational fields, but for the present we restrict ourselves to a very
simple one: an almost stationary mass distribution. By almost stationary we mean that
the kinetic energy of the mass distribution is negligible, so that its Lagrangian density is
Pr = —e where € is its O, energy density when it is at rest with respect to a @, chart.
Its natural energy density is defined by eg = s~ %. It follows from our general assumptions
that ez is independent of the choice of @, but it is not independent of @ (see the discussion
near the end of § 2). To determine the ® dependence of ez, one has to impose an additional
condition on the mass distribution. Recalling that in I we developed particle mechanics
on the assumption that the natural proper mass of a particle is constant in time, we assume
that p*, the @, density of natural mass of the mass distribution, is constant in time. The
®, mass density p is the @, mass per unit @, volume of 3-space, and since p* is the natural
mass per unit @, volume of 3-space, one has p = p*s~2 from (2.3). For a stationary body
assume that p is related to the @, energy densitye bye = pc? (the analogue of the Einsteir;
relation in special relativity). Using ¢ = s%g, we find thate = scg?p* and

(©(x) — ®1))\
c? J
where P is a function independent of @ and @, is a constant.
The preceding argument may seem slipshod. If the reader prefers, he may regard the
last equation as a limiting case of the properly derived results of § 6 (see (6.23)).
The simplest choice of Zg is £ = Kws™?, where K is a constant. If one takes

F» = —e, with e defined as above, the total Lagrangian density for the system is
¥ = Kws~2—e. From (3.10), the field equation for ® is

e(x) = P(&)exp

€

-4 =2 2 =

D m— " H D@ go— 252D ) = Ko (4.3)
Since (4.3) must reduce to Poisson’s equation when the gravitational field is weak and
time-independent, we have K = —1/87Gg, where Gy is the Newtonian gravitational

constant measured in natural units. With this value of K, the energy-momentum 7T of the
gravitational field is given by (3.18):

Te, = Ks~%(2g™® @, 8,850 0 ;). (4.4)

The energy density of the gravitational field iseq = 7¢J. It is positive definite.

If @ is time-independent and spherically symmetric about the origin, and e(x) = 0
when r = (¥x¥)}/2 > #,, the solution of (4.3) regular for » > 7, is O(x) = D, —Ifr, where
®,, and / are constants. As pointed out in I, the metric corresponding to such a potential
is experimentally indistinguishable from the Schwarzschild metric of the Einstein theory.
(It predicts the same perihelion advance of planets, the same bending of light, etc.).

In the field equation (4.3), the energy density of the gravitational field does not appear,
There is no very compelling reason why it should, but if one feels on moral grounds that
all forms of energy ought to act as sources of the gravitational field, then one will have to
change #. The most obvious thing to try is Zox = F(w) for some suitable function F
but this does not seem to work. We therefore stick to our previous assumption tha;
PLop = flw, ®—0,), where @, is a constant independent of the choice of Newtonian

chart. Choosing a simple f, we assume that
$=$G+$F? $5!=—E }
o = Ko expleg?{~2(® — Bo) + (0~ D, )]] (*+3)

where ¢ is defined as before, and « is a constant. An advantage of assuming that .# has
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an exponential dependence on ®— @, is that we do not have to worry about the value of
®,. Replacing @, by @, +j is equivalent to replacing K by K exp(— «f), for any constant j.
It therefore simply changes the ratio of the terms £ and £y, which we determine by
comparison with experiment (or by requiring that the theory reduce to the Newtonian
theory in the appropriate limit).

The field equation for @ that follows from (4.5) is

D i =™ H{®P 00— 3¢5 (4 —2) B} = —(2Kef) " aKP , D, +e exp{—acg® (@~ O1)}]. (4.6)

Assuming that @ is time-independent and that the gravitational field is everywhere weak,
we have @ @, ~ 0, and @ ,,,, @ —(2KcZ) e exp{— acg®(®— D;)}. If also there exists
a constant @, such that ®(x) - ®,, as r = (¥*x*)*/2 - o0, then because of the weakness
of the field one has ®(x) ~ @, for all x. Choosing ®, = ®,,, we gete = ez, and the field

equation becomes
(D,mm = - (ZKC%) _leE exp{ - “Cﬁz(q)oo - (I)l)}
This is Poisson’s equation provided that
1/K = —8nGyexp{uacgi(D, — 0y)}. 4.7)

It is rather natural to assume that ®; = @, so that 1/K = —8=Gy just as before,
The energy-momentum of the gravitational field is given by (3.18):

TG:Z = K{Z(qu)u _Smu(q),pq).p _—S~4(I).20)} exp{c;]%c((b - (Dl)}
Ty = K{=2574D 4D, —85,(D ,®,, — s * DY)} exp{eg®«( @ — @y)}.

The energy density of the gravitational field is e = T¢J, and is again positive definite.
Using (4.7) (that is, assuming that ®(x) - @, as » — o), we find

e = (87GE) " HD D ,+57*D 3) exp{cga(D— D)} (4.9)
Equations (4.8), (4.6) and ¢ = 7§ imply
D =5 D 00— 522~ a)D 3} = —(2Ked) " 1(— aeg +¢) exp{ — acg? (D — O,)}. (4.10)

If one thinks it reasonable that the energy densities e and 5 should behave in the same way
as sources of the gravitational field, then one will take & = —1. If we assume (4.7), the
only arbitrary constants that remain in the field equation are @, the value of @ ‘at spatial
infinity’ and Gg. In I we solved the static, spherically symmetric case of (4.10). It was
shown that when o = —1 the perihelion advance of test particles is 89, less than that
predicted by the Einstein theory. The bending of light is not appreciably different.

We show in §5 (following equation (5.11)) that electromagnetic energy is twice as
effective a source of @ as is the energy of a stationary mass distribution. It is possible
that e; acts as a source of @ in the same way as the electromagnetic energy density, which
would mean choosing « = —2. The perthelion advance of test particles in a static,
spherically symmetric gravitational potential is then 169, less than in the Einstein theory.
The bending of light is again not affected.

The field equations that we have considered all reduce to the wave equation when
the gravitational field is weak and source free. Physically speaking, this means that small
gravitational waves travel at the speed of light. There is at present no experimental evidence
for this assumption, and one may choose not to make it. An example of an alternative
approach is that of Papapetrou (1954). He assumes that the metric is of the form (2.1)
and that the Lagrangian density 1s the same as in the Einstein theory. The resulting field
equation for @ is elliptic, and does not admit wave-like solutions.

(4.8)

I

5. The electromagnetic field

We have assumed that the @, Lagrangian density £ of a system of fields can be written
in the form & = £+ Ly, where £y and Fy are the @, Lagrangian densities of the
gravitational and non-gravitational fields respectively. In §4 we described how one might
choose Z; we now turn to the problem of finding Zy.
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One usually deals with fields whose Lagrangian density is known in the special-
relativistic limit and, for such fields, there is a simple prescription for finding a possible #.
One takes the special-relativistic Lagrangian density (which involves the field components
gy and their first partial derivatives ¢ ,) and writes each ¢, as ¢~ dg,,/0f. The x* and
x0 = c¢gt are then reinterpreted as @, coordinates, the g, as @, field components and
¢ as the @, speed of light. The resulting expression is assumed to be the ®, Lagrangian

density Z5. Since
2(®— (Do)}

¢ = ¢gs® = (g exp{
155

this amounts to saying that one gets .y from the special-relativistic Lagrangian density
by replacing gy,0 by $72gys,0.

This prescription gives a reasonable first guess for #x: one that has the correct trans-
formation properties and the correct special-relativistic limit. The guess will sometimes be
wrong (just as, in the Einstein theory, the principle of equivalence sometimes gives the
wrong answer—see Trautman 1965, § 6.2). To put matters right, one can try replacing
terms like $Pqy; , by (s°gy), ., Or one can introduce new gy, until one gets at last an Zp
that agrees with experiments.

As a first example, we consider a system of interacting gravitational and electromagnetic
fields. In special relativity, the Lagrangian density of the electromagnetic field interacting
with a current density j is 3(E2— B?)+c~*4,j*, where the electric field E and the magnetic
induction B are related to the electromagnetic potential 4 = (4,, A) by

E = VA,—c"*0A]ét, B = curl A,

We assume that the j* are given functions; we are not going to discuss the dynamics of the
current density.

Electromagnetic quantities will be measured in Heaviside (that is, rationalized Gaussian)
unitst, in which the force between charges 2; and 2, a distance » apart has a magnitude
|2, 2,/4mr?|. (We are still considering flat space-time.) The dimensions of charge are
therefore [2] = [M*/2L3/2T-1], while [E] = [B] = [2L~?] = [M*2L~-*/2T~1], and
[4] = [LB] = [M*2L*/2T 1], Thej* are related to the charge density p and the 3-velocity
V of the charge density by j° = pc, j = p¥, so that [j*] = [2L-2T-1] = [M/2L.-1/2T-2],
We see that all the terms in the Lagrangian density $(E2— B?)+¢714,j* do in fact have the
dimensions of energy density.

If one applies the prescription given at the beginning of this section, one finds that the
@, Lagrangian density of the electromagnetic field is #r = }(E*—B?)+c"14,§*, where
all quantities are now measured in @, units, and where

B = curl A, E=VA,—c1oA]ot = VAy—s"?A,.

It follows from (2.3) that 4, and j* have the same values in @, as in natural units: 4, = Az,
o
= jp

The total Lagrangian density of the system is #= Z;+.%y and, since £ depends
only on @, the field equations for the electromagnetic field are determined entirely by Zy.
Using (3.10) and the #; of the last paragraph one can show, in much the same way as
in the Maxwell theory, that the total @, charge of the system is a conserved quantity. The
proof requires that the fields vanish sufficiently fast as » = (x*x*)*/® — co.

Conservation of the total @, charge may seem strange, but it is not obviously impossible.
One cannot of course conclude from the conservation of the total, macroscopic, @, charge
that the @, charges of elementary particles must be constant: it might equally well be that
the natural charges of elementary particles are constant, and that the conservation of the
total @, charge is accomplished by the annihilation or creation of charged elementary

+ Choosing to measure electromagnetic quantities in Heaviside units is like choosing to measure
lengths in metres (rather than feet, say). When we discuss electromagnetism in general space-time,
we shall have to distinguish between ®, Heaviside units and natural Heaviside units, just as we
distinguish between @, metres and natural metres.
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particles. Infact, the assumption that the @, charge of the electron is constant is not tenable,
It implies that the Rydberg ‘constant’, measured in natural units, is a function of @, and
this does not agree with measurements of the gravitational red shift.

Following the conservative principles of I, we reject the odd idea that particles are
created or destroyed in such a way that the total @, charge is conserved. Instead, we try
to modify the Lagrangian density £y so that it implies the conservation of the total natural
charge. The modification is chosen so that the equation expressing this conservation law
shall have as simple a form as possible. In this way we are led to assume that

Fp = HE?— B2+ 15 A, " (5.1)
E =s"YV(s?4,)—-Ay}, B=scurlA (5.2)

where now 4, = 4,5 s71, and where the j* are related to the @, charge density p and its
@, velocity V by _ .

7o = pc, j¥ = pl*, (5.3)
To keep the dimensions right in (5.1), one may regard s as a @ length, for example (one
has sg = 1). The dimensions of the electromagnetic potential are then

[4,] = [MizL-12T-1],

We assume that the total Lagrangian density is ¥ = £+ %, where ¥ is given
by (4.5). The electromagnetic field equations that follow from (3.10), (5.1), (5.2) and (5.3)

are

curl(sB) = ¢g's~Yj+(s7E) (5.4)
div(s7E) = cgls7 30 =57 1p (5.5)

and from (5.2
¢2) curl(sE) = —(s71B), (5.6)
div(s™'B) = 0. (5.7)

We call equations (5.4)—(5.7) the (generalized) Maxwell equations.
From (5.4) and (5.5) one derives the continuity equation

d

div(s~1j) = — 5(s"1p). (5.8)
Provided that s~%j falls off sufficiently rapidly at spatial infinity, it follows from (5.8) and
the divergence theorem that fs7'p d%x, where the integral is over the whole hyperplane
x% = k, is a conserved quantity (that is, its value is independent of the choice of k). The
quantity p is the @, charge per unit @, volume. Since natural and @, charge are related
by 2y = s™12, the natural charge per unit @, volume is s~!p, and the total natural charge
at the instant x° = k& is [s71p d%». The total natural charge is therefore conserved.

The energy-momentum T, corresponding to the Zr of (5.1) is given by

Tor = “Zr 4 +8$F<1> =8P
Yed,, M e, T
Tyy = SEnAy, —SempnBndy, + 26525 A0En @, — 8, P
Tep = —s1E, Ay, —80, % ‘
From (5.1), (5.2) and (5.9)
Tpd = Y(E2+ B2 —c~ YA, j* — s E(s2A40) - (5.10)

The field equation for ® is (0.£2/0® ), = ¢£[cD, where ¥ = Lo+ Fp, and to
calculate 0.7 5/0® one must know how j* depends on ®. Since s7p d3x is a conserved
quantity, a possible, very special choice of p is p(x) = exp[cy™#{®(x) — D;}]R(x), where
¢, is a constant, and R is a function independent of ®. It follows from (5.3) that

(5.9)
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(0/0D)(s7Y0) = 2cg%~ Y0 Setting j¥ = 0, and using (5.5) we find that the @ field
equation is (cf. (4.6)
D =8~ H®,00 — (4 — #)eg® @ §} +12c5?D D,

= —(2Kc2)"Y(E?+ B?) exp{ — acg?(® — Oy)}. (5.11)
Assuming as before that ® — @, as 7 = (x*x*)1/2 - o0, one has K = —1/87Gy, (cf. equa-
tions (4.6) and (4.7)). If we identify $(E2+ B?) as the energy density of the electromagnetic
field (see equation (5.18)), then (4.6) shows that this is twice as effective a source of @ as
is the energy density € of a matter distribution. (We recall that in I we showed that the

weight of a ‘photon’ is twice that of a slowly moving particle of the same energy.)
Define functions F,, by

FmO = _FOm =3 (SzAO),m_Am,o =1 sEm _
- (5.12)
Fon=—Fun=Apn—Ann = €nnps™ By
The Maxwell equations (5.6) and (5.7) are equivalent to
Fiu,v+Fuv,).+Fvﬂ,u = 0. (513)

Define functions F% by F¥ = g"*F, . From (4.1) and (5.12)

F§ =0, Fr = °FE,, Fo =s"1E,
FTT = —F?n =€mnpSBp }. (5.14)
The Maxwell equations (5.4) and (5.5) are equivalent to
Fﬁz,u = —cglsTY" } 515
Fom= (S—4Fg),u = Cﬁls-ajo ' G- °)

Equations (5.13) and (5.15) are sometimes easier to manipulate than (5.4)-(5.7).

The Lagrangian density (5.1) can be written #'p = L+ %y, where £, = }(E%— B?)
is the Lagrangian density of the electromagnetic field, and #,,,; = cz's ™14, j* represents
the interaction with the current density. The energy-momentum 7, corresponding to
P, is defined by T}, = (0L,/ 04, )4, 4+ (0L 0D )P ,~ 8§, L. We have

Te;‘z) = TFZL+ 8uv’gint (516)
where T’y is given by (5.9).

The energy-momentum T of an isolated system can be chosen to have the symmetry
property T;" = 77, which is related to the conservation of angular momentum (see §4).
For a system that interacts with an external current density, the total angular momentum
need not be conserved. However, one can still define a symmetrical energy—momentum
T, for the electromagnetic field by

Ter? = Te?zl_FﬁtAn,A
Teg = TeE)n_F;ln(szAO),z
19, = T+5"*Fidn, G.17)
T = T8+s *Fi(s*Ao)
From (5.2), (5.14), (5.16) and (5.9)
Tt = EnEy+ BBy —18,,(E* + B?)
T2 = s%,,nEo By
Te%. = _5_2emanan (5.18)
7.4 = HE*+B)
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or alternatively, using (5.14),
Tol = sF3F,~13,,FiF,). (5.19)

It follows that 7.% = 7.™. Indeed, if one defines T,,, = g,,7%%, equation (2.1) implies
that Ty, = Ty,
From (5. 19) (5 15), (5.13) we get, after a short calculation,

Tele,u = - Cf:l(s_ 1]‘mFmv +87 sjoFOv) - %FponO(s - 2).v + %Fplel(sz).v (5 '20)
which is equivalent to

Tenu = Hennpf "By +°Es) + 5°(E* + BH) O, (5.21)

Teou = ~ 5" En+ cg*(E? + BY)D . (5.22)

One can interpret the right-hand side of (5.21) in terms of the force densities of the electro-
magnetic and gravitational fields, and the right-hand side of (5.22) in terms of the rate at
which these force densities do work.

For given E, B and @, one can regard (5.2) as a set of partial differential equations for
the 4,. These equations do not determine the 4, uniquely: there exist functions G,, not
all zero, such that the transformation 4, - 4,+G,, ® — @, leaves E and B invariant,
Any such transformation is called a gauge transformation. The field equations (5.4)—(5.7)
and (5.11) are invariant under gauge transformations. As in classical electromagnetism,
we may restrict the gauge transformations by imposing a condition on the 4,. If the restric-
tion is such that the G, are uniquely determined, well and good. Otherwise we must
make sure that all observable consequences of the theory are independent of the choice of
the G,.

The necessary and sufficient conditions that must be satisfied by the G, if the trans-
formation 4, - A4,+G,, ® — @, is to be a gauge transformation are

(SQGO).m = Gm.0> Gm.n = Gnm (523)
The Poincaré lemma implies that there exists a function I' such that
Gm = F.m’ GO = s—zr,o- (524)

The simplest way of restricting the gauge transformations is perhaps by requiring that the
Ay, satisfy Ay, » = 0, or div A = 0 (Coulomb gauge). The existence of such 4,, is proved
as in classical electromagnetism. If we define 4, = A4,+G,, where 4, ,, = 0 and where
we impose the same boundary conditions on the A}, as on the 4, at spat1al infinity, then
Gpm =T nm=0,and I ,(x) -0 as |x| - oo. Hence T mm = 0 and it follows from a
theorem of analy51s that Gu(x) =T ,(x) = 0 for all x. We have therefore proved that
A = A, the electromagnetic potential is uniquely determined by these conditions.

6. The ideal fluid

As a final example, we consider the interaction of the gravitational field with an ideal
fluid. We use the same Lagrangian method as before, even though this is not the approach
favoured by most fluid dynamicists. (For an attack on the use of variational principles, see
Truesdell and Toupin 1960, § 231; for a more favourable assessment, Serrin 1959, §§ 14, 15;
for a brief history of relativistic fluid mechanics, Schmid 1967). The chief limitation of
Lagrangian methods is that they cannot be applied to dissipative systems. One is therefore
restricted to fluids without viscosity or heat conductivity.

The most convenient Lagrangian formulation of fluid mechanics is in terms of the
Clebsch potential (Clebsch 1859). This was first applied to classical hydrodynamics by
Bateman (1932) (see also Itd 1953). The special relativistic generalization is due to Wei
(1959) and Tam (1966). Tam’s special-relativistic Lagrangian density for an ideal fluid



516 P. Rastall

may be written -
(gf)spec = —%PJVQ (1 “'-) + p] pU(Pay)

e VA (bt St M) +py(Bo+ S0+ ME00)

where p is the proper mass per unit proper volume, and J, U and & are, respectively, the
proper enthalpy, internal energy and entropy, all per unit proper mass. The functions
é, ¢, € are the generalized Clebsch potentials, V is the 3-velocity of the fluid, V' = [V],
and vy is a function to be determined from the field equations.

It was assumed in I that the natural, proper mass of a particle is a conserved quantity.
Similarly, it seems reasonable to assume that the total natural proper mass of the fluid is
conserved (cf. §4). The @, Lagrangian density that one gets by applying the simple
prescription of § 5 to (6.1) is not compatible with this condition. However, a minor change
puts things right, and we find the following ®, Lagrangian density for an ideal fluid:

2

v
P = —1ply? (1_~) YoJ —pUlp, &, ®)pe=y Vi, 4oy, (6.2)

(6.1)

where s = exp{(®— D,)/cE} as before, and the §, are defined by
0, = dut P +2E,. (6.3)

As usual, @ is measured in natural units, but the other quantities in (6.2) are in @, units.
The total @, Lagrangian density of the system is & = £ +.%, where ¥ is defined by

(4.5).
The field equations for ¢ and J that follow from (6.2), (6.3) and (3.10) imply that
(pe™ sV ®) i+ (pys®)0 = 0 (6.4)
1
y = = (6.5)

We shall always choose the positive sign in (6.5). Since p is the @, proper mass per unit
@, proper volume, we see that py is the @, proper mass per unit ®, volume and, by (2.3),
that s%py is the natural proper mass per unit ®, volume. Applying the divergence theorem
to (6.4) between the hypersurfaces ¥° = a and x° = b, where @ and b are constants, one
proves that the total natural proper mass of the fluid is conserved, provided that p vanishes
fast enough at spatial infinity.

Using (6.4), we find that the field equations for ¢, A, £ and & simplify to

b¥ D¢ Da

———— = y — y —_— = 0
Dt Dt Dt 6.6
Dl// abr ( ‘ )
— =gy s —
Dt A
where for any differentiable function f we define
D
f =V. vf""[: V¥fr+cufo
Dt
Equation (6.5) and the field equations for p, V%, y give
oU
- Ulp, &, (I))—p—a——(p, S O+ LysS V50, + 520, = 0 (6.7)
P
JyVE+es50, = (6.8)
—Jy = 4718V, 4586, = 0. (6.9)

Because the dimensions of U are [1.2T ~2], the natural proper internal energy per unit
natural proper mass is Uy = Us™% We assume that Uy is independent of @, so that
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oUJ0® = 4cz2U. The classical relation dU = T d% —p dv, where v = 1/p, is therefore

modified to
dV = T'd¥ —p dv+4cg2U dD. (6.10)
Since dv = —~dp/p?, we have
oU ¢ b 6.11
o7 dp - pz. (6.11)
Equations (6.7), (6.9), (6.11) give the usual expression for the enthalpy:
J= U+£ (6.12)
p

Taking the differential of (6.12) and using (6.10), we get dJ = T'dF + p~1 dp+4c32U dO,
from which it follows that

Jy=TF y+p~p, +4cz? (J— ‘f) Q,. (6.13)
From (6.6), (6.13), we have g
DJ Do Dp Do
— —4cg?] — = p~ | — —4c5%p —).
Dr ® D F (Dt ke Dt)

The dimensions of J are the same as those of U, so Jz = Js~*% and

DJ;  _ D(ps™¥

= . 6.14
D: ' Dt (6.14)

It simplifies some calculations to define u,, = yV¥/c, uy = —y. From (6.5)
Wty —ug? = —1. (6.15)

Equations (6.8) and (6.9) give
Jug = —5%0,, Ju, = —s%6,. (6.16)
It follows from (6.3), (6.6), (6.11), and the equation

Df
Dt = ¢y Nupf—s 2o f.0)
that
Uie(Op o= Orn) =S 2up(Os0~b0,) = —s7 3T, (6.17)

which is the generalized vorticity equation. From (6.15) and (6.16)
By, — S 2ol = (s78J) , +2c5% 33D .
Substituting this into (6.17) and using (6.13), we derive the generalized Euler equations
Dé,

Dr ey~ Yy o — 5~ 2100, 0)

= ey N T HpTipu+ g0 (= T+ 2Juf +4pp ™)}

A special case of an ideal fluid is ‘dust’, which is defined by the condition p = 0 every-
where. From (6.14), Jy is constant in time for each particle of dust. We assume that, at
some initial instant, Jy is everywhere constant. It follows that J is constant everywhere
and at all times. Putting p = m in (6.18), and using (6.16), one finds

(6.18)

D . V2
oY) = s (”72’) D, (6.19)

The derivative D/D¢ denotes the rate of change of quantities associated with a given dust
particle. Thus, from I, equation (42), the equation of motion of a dust particle is identical
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with that of a particle whose natural proper mass is constant, and which is subject only to
gravitational forces. We proved in I that the worldlines of such particles are geodesics of
the space-time metric g. The same is therefore true of the worldlines of dust particles.
Hence, if we wish, we may eliminate the undefined objects ‘test particles’ from our theory,
and replace them by ‘small dust clouds’.

We now return to the general ideal fluid (p # 0). The components of the @, energy—
momentum T corresponding to the Lagrangian density (6.2) are

A 0%+ 0L 0L
T;, = o, but o, b+ af,v §u—0uLs = %‘Bu_suvgf'
From (6.5), (6.9), (6.12) one shows that #; = p and, using (6.16),
Tf?',;:l = —pJukum—ska’ ng = p‘]ug -.p }. (6.20)
T = —pJs?uug, T = pJs ™ 2uu,

The @, energy density e; of the ideal fluid is defined bye; = T8, Since u, = —+v, we have
pyve
€ = pJy2—p = o2 (pU+—2—). (6.21)
¢

The field equation for the gravitational potential is (6.L/0® ), = 0L /0D + 0L/ 0.
From (6.2), (6.9), (6.10), (6.12) we get

0 gf 2 . V2
5 - {pr (1 +——C2 ) —4p} (6.22)
and the field equation is (cf. (4.6), (5.11))

D =5 HD oo — 34— o)c52® 3} + bucg?D , P,
2

= —(2Kc@)~? {p.]’yz (1 +I/;—2—) —4p} exp{—acg(®—~0,)}

(6.23)

If we again assume that @ — @, as 7 = (¥*x*)*/2 — oo, then K = —1/8=Gy, (see equa-
tion (4.7)). Equation (6.23) reduces to (4.6) whenp = 0 and V' = 0 (one hase = ¢; = pJ).
Asp —0and ¥ -> ¢, we have pJy*(1+V?/c?) —4p — 2¢; (compare (5.11) and the remarks
that follow).

7. Conclusion

The theory has now been developed far enough to make it plausible that one could easily
rewrite the whole of classical physics and take account of gravitational effects in the same
sort of way. The situation is to be contrasted with that of geometrical theories of gravitation,
whose assumptions are so different from those of other physical theories that it is very
hard to accommodate them to anything else. As mentioned in I, § 1, this has resulted in
an unfortunate separation of gravitation from the rest of physics. With our theory, there
seems to be no reason why reconciliation should not be complete.

From the technical point of view, the theory has two agreeable features.

(i) Space-time can be treated as though it were flat. Thus one avoids the complexities
of Riemannian geometry.

(i) The gravitational field is described by a single, real function. Calculations are
consequently much simpler than in the Einstein theory, for example, and one may hope
to make progress with previously intractable problems (such as the quantization of the
gravitational field).

It is too much to expect that the theory will long survive unchanged. We may hope
that it will bear the same relation to the future theory of gravitation as does electrostatics
to Maxwell’s theory of electromagnetism. Perhaps the proposed Stanford gyroscope
experiment will tell us whether we must introduce a gravitational vector potential.
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